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(Received for Publication September 12. 1984) 

ABSTRACT 

We seek s o l u t i o n s  t o  t h e  hydrodynamical equat ions  

of smect ics  and c h o l e s t e r i c s  i n  t h r e e  d i f f e r e n t  cir- 

cumstances: (a )  When permeation i s  p resen t  w e  f i n d  

t h a t  v i scous  hea t ing  p lays  a very important p a r t ,  

(b) An a r b i t r a r y  bu t  cons tan t  phase s l i ppage  can r e s u l t  

i n  an AC Josephson e f f e c t ,  (c )  Thermal expansion of 

t he  l a y e r s  b r ings  down t h e  Binard threshold  markedly. 

The hydrodynamics of smectic A can be  understood i n  terms 

of t h e  continuum model 

ted by Martin e t  al .  2 

+ -  1 . 2  = 
P a t  V i,i 

given by de Gennesl and later elabora- 

The b a s i c  equat ions  are: 

U 

av . 
- at1 P = - P + gsi3 + t;j,j ,i 

l i - V  = Apg . 
2 

These equat ions  a l s o  desc r ibe  the  hydrodynamics of 

c h o l e s t e r i c  l i q u i d  c r y s t a l s  i n  t h e  long wavelength l i m i t .  
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282 G .  S .  RANGANATH 

In  t h i s  case  A can a r i s e  no t  only from displacements para- 

l l e l  t o  the  t w i s t  a x i s  b u t  a l s o  from r o t a t i o n s  about i t .  

We cons ider  below t h e s e  equat ions  i n  s i t u a t i o n s  where 

t h e  gene ra l ly  accepted approximations are n o t  v a l i d .  

1 .  Heating due to permeation 
I n  s i t u a t i o n s  where permeation i s  important t he  

s t r u c t u r e  is f i rmly  anchored o r  blocked dur ing  f l u i d  flow. 

This permeation flow has  been s t u d i e d  by many,334 b u t  i t  

has always been assumed t h a t  h e a t i n g  due t o  v iscous  motion 

i s  n e g l i g i b l e .  This approximation is  reasonably good f o r  

c l a s s i c a l  f l u i d s .  But i t  does no t  appear t o  have been 

s t r e s s e d  t h a t  hea t ing  e f f e c t s  are very  important when 

permeation i s  p resen t .  

A s  an example w e  cons ider  t h e  blocked c h o l e s t e r i c  o r  

smectic t e x t u r e  between two p a r a l l e l  p l anes  o r  i n  a capi- 

l l a r y .  

a s t eady  v iscous  flow under an imposed p res su re  g rad ien t  

P a long  the  Z-axis. 

Hence ; = O ,  and t h e  above system of equat ions  allow 

Y Z  

-2  
Here is an average v i s c o s i t y  of t he  o rde r  of 10 po i se .  

4 
The permeation c o e f f i c i e n t  X i s  gene ra l ly  of t h e  o rde r  of P 
(:qf)-', with  d = 2n/q as t h e  s t r u c t u r a l  p e r i o d i c i t y  along 

the  Z-axis. Since d i s  usua l ly  very  small compared t o  t h e  

dimensions of t h e  channel one f i n d s  a f l a t  v e l o c i t y  p r o f i l e  

0 

v = - XpPYz over most 

en t ropy  equat ion  g ives  
z 

of t h e  c r o s s  sec t ion .  Now t h e  

a'T 2 K,, - + KIVIT = 
az2 
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HYDRODYNAMICS OF SMECTICS AND CHOLESTERICS 283 

I n  normal f l u i d s  we  have only  t h e  t e r m  i n  d and i t  i s  

very  small. However i n  smect ic  A o r  c h o l e s t e r i c s  w e  have 

t h e  second term on t h e  r i g h t  hand s i d e  of  (2)  which cannot 

be ignored. I n  permeation flow t h i s  term becomes very  

impor tan t  and t o  a good approximation t h e  temperature p r o f i l e  

is g iven  by 

i j  

2 
V 

For c a p i l l a r y  flow t h i s  y i e l d s  

(3)  

5 On t h e  o t h e r  hand €o r  normal f l u i d s  i n  t h e  same geometry 

4 1 2  11 r 
2 R 

T ( r )  - T(R) = -vm (F) (1 - 7) (5) 

R be ing  t h e  c a p i l l a r y  r a d i u s  and v t h e  mean flow v e l o c i t y .  

A comparison of ( 4 )  and (5) shows t h a t  f o r  t h e  same flow 

m 

v e l o c i t y  t h e  h e a t i n g  e f f e c t s  i n  t h e  permeation mode could 

be  very  l a r g e ,  about a m i l l i o n  times, through t h e  f a c t o r  

(qoR) . 2 Also t h e  p r o f i l e s  a r e  d i f f e r e n t  i n  t h e  two cases .  

2 )  Phase s l ippage:  AC Josephson Ef fect  

We now assume G not t o  b e  zero ,  bu t  a cons t an t ,  ‘Ap s3y.  

This q u a n t i t y  r e p r e s e n t s  t h e  rate a t  which t h e  phase of a 

l a y e r  is  changing, i . e . ,  phase s l i ppage .  How t h i s  can  be 

e f f e c t e d  w i l l  b e  cons idered  later.  I n  such a s i t u a t i o n ,  

i n  a c a p i l l a r y  flow under an  imposed p r e s s u r e  g r a d i e n t  
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284 G .  S .  RANGANATH 

I being the  Bessel func t ion  of f i r s t  kind i n  zero order  

and k = l/%ip. 

e x t r a  p re s su re  g rad ien t ,  and f o r  P = ‘I t h e  flow v e l o c i t y  

v vanishes completely. This i s  akin  t o  t h e  AC Josephson 

e f f e c t  i n  s u p e r f l u i d  He l ium.  6 y 7  

H e l i u m  I1 is allowed t o  flow out of a narrow o r i f i c e  i n t o  a 

lower tank. A tun ing  fo rk  of a d j u s t a b l e  frequency i s  kept  

a t  t h e  o r i f i c e  t o  genera te  v o r t i c e s .  Experimentally i t  is  

found t h a t  t h e  l i q u i d  column can be he ld  s t a t i o n a r y  aga ins t  

g r a v i t y  only a t  p a r t i c u l a r  f requencies .  

O 2  I n  .general ,  phase s l i ppage  r e s u l t s  i n  an 

, Z  

z 
Here a column of s u p e r f l u i d  

We s h a l l  now cons ider  t he  problem of e f f e c t i n g  phase 

s l ippage  i n  smectics o r  c h o l e s t e r i c s .  Being layered  

s t r u c t u r e s ,  they allow edge d i s l o c a t i o n s  t o  e x i s t  i n  them 

with t h e  d i s l o c a t i o n  l i n e  i n  t h e  p lane  of t he  l a y e r s .  On 

going from one s i d e  of t h e  d i s l o c a t i o n  l i n e  t o  t h e  o the r  

on any given l a y e r ,  u changes by d t h e  l a t t i ce  parameter 

o r ,  i n  e f f e c t ,  t he  phase changes by 277 ( a s  i n  t h e  case  of 

a vor tex) .  Hence a migra t ion  of d i s l o c a t i o n s  at  a cons tan t  

rate y g ives  t h e  requi red  i. This  i s  exac t ly  t h e  mechanism 

proposed by Anderson6 t o  exp la in  t h e  AC Josephson e f f e c t  i n  

supe r f lu id  H e l i u m  11. 

I n  t h e  case  of c h o l e s t e r i c s ,  i n  add i t ion  t o  t h e  above 

process ,  w e  can ge t  t h e  requi red  by tu rn ing  t h e  system 

r i g i d l y  above t h e  t w i s t  a x i s  a t  a cons tan t  rate y, a l l  t h i s  

happening nea r  t h e  o r i f i c e .  

31 Themoe~astic Effects 
Both smectic A and c h o l e s t e r i c s  have a l a t t i c e  s t ruc -  

t u r e  along t h e  Z-axis. We know from experiments t h a t  t h e  

l a t t i ce  parameter i s  very s e n s i t i v e  t o  temperature,  t h e  

thermal expansion c o e f f i c i e n t  a being one o r  two o rde r s  
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HYDRODYNAMICS OF SMECTICS AND CHOLESTERICS 285 

g r e a t e r  than t h a t  i n  c r y s t a l s .  The l a r g e  thermal expansion 

l e a d s  t o  some i n t e r e s t i n g  consequences t h a t  do no t  appear 

t o  have been s tud ied .  

Thermal expansion of t h e  l a t t i c e  a l ters  the  equat ions  

of motion i n  two ways. F i r s t l y  the  f o r c e  g due t o  t h e  

e las t ic  deformation of t he  s t r u c t u r e  g e t s  an a d d i t i o n a l  

term aBT and secondly t h e  rate of entropy genera t ion  

has  an a d d i t i o n a l  t e r m  aB . Here B i s  the  e l a s t i c  

cons tan t  f o r  l a t t i c e  s t r e t c h i n g  ( see  r e fe rences  i n  8 f o r  

in t roducing  co r rec t ions  due t o  a). Two immediate conse- 

quences of t hese  co r rec t ions  are - 

12' a; 

i) Thermo-elastic coupling due t o  a s imula t e s  t he  

pure thermo-mechanical e f f e c t s  i n  choles t e r i c s  

and t h e r e f o r e  must no t  be ignored whi le  d i scuss ing  

pure thermo-mechanical e f f e c t s .  

9 , l O  

ii) Temperature f l u c t u a t i o n s  should accompany phase 

f l u c t u a t i o n s  i n  second sound wi th  an amplitude 

u' is t h e  amplitude of t h e  s t r a i n  i n  t h e  phase 

wave and C t h e  s p e c i f i c  h e a t .  Also t h i s  r e s u l t s  

i n  an e x t r a  damping i n  the  second sound through 

t h e  f i n i t e  thermal conduc t iv i ty .  

While i n v e s t i g a t i n g  Bgnard i n s t a b i l i t i e s ,  i n  chole- 

s t e r i c s  Parsons'' and l a t e r  P l e i n e r  and Brand'' found t h a t  

under the  assumption of low thermal expansion, t h e  cor rec-  

t i o n  t o  the  th re sho ld  g rad ien t  is  n e g l i g i b l y  s m a l l .  I n  

p a r t i c u l a r  they overlooked one p o s s i b i l i t y .  

r a i s i n g  ( o r  lowering) t h e  temperature of a smect ic  confined 

between p l a t e s  can r e s u l t  i n  a Helfrich-Hurault  i n s t a b i -  

We know t h a t  
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286 G. S. RANGANATH 

b i l i t y 1 3  through t h e  ensuing  l a t t i c e  s t r a i n  E . ( I n  t h i s  

s ense  i t  is analogous t o  a d e s t a b i l i z i n g  magnet ic  f i e l d . )  

The free energy d e n s i t y  due t o  l a t t i c e  expansion under  

t h e s e  c i rcumstances  is  e x a c t l y  l i k e  t h a t  due t o  a mechani- 
c n l  l a t t i ce  s t r a i n  E 

0 

14,15 . 

B 2  1 
2 0  2 1 

F = - &  + - K  

c 2  4 
This  g i v e s  an  undula t ion  i n s t a b i l i t y  a t  E = 5(K11/B) n ,  

D be ing  t h e  sample t h i c k n e s s .  This  p rocess ,  l i k e  t h e  

d e s t a b i l i s i n g  magnetic f i e l d "  b r i n g s  down t h e  E6nard 

th re sho ld  Bo t o  B given  by 

This  could be  an  impor tan t  p rocess  i n  view of  t h e  f a c t  

t h a t  E' 2, 

through l a t t i ce  expansion.  

and s t r a i n s  of  t h i s  magnitude are a t t a i n a b l e  

Thanks are due t o  P ro f .  S.Chandrasekhar f o r  h i s  keen 

i n t e r e s t  i n  t h i s  work and f o r  d i s c u s s i o n s .  
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